I. INTRODUCTION
In this overview report, a certain number of questions is identified that has been raised from our previous work [GKB12] , [BG13] , [BG15] , [GACD15] related to cooperation in wireless (cellular) networks. Specifically we investigate the question of what is the best way to group nodes of a wireless network together, based on their location only. Furthermore, we propose possible steps for future research by identifying tools that exist in the literature.
Apart from the literature survey, the report contains a certain number of novel results on the Nearest Neighbour
Graph and the distribution of the size of groups (from now on called clusters). These are found in Section V-B and VI.
A. Dynamic Clusters
A key problem raised in the modelling and analysis of cooperative wireless networks in [BG15] , [BK15] , [PGH08] , [NMH13] , [NMH14] , [TSAJ14] , [LMJLH15] , [SH14] has been the fact that these clusters were formed in a dynamic way. This is often not desirable, because it requires high flexibility in the inter-cell communication,
as well as a large amount of information exchange. Additionally, when the same station takes part in different clusters, it should share its time or frequency resources among them, thus leading to spectral efficiency degradation.
Such assumptions on dynamic cluster formation have further created problems in the analysis of interference.
As a result in [BG15] the far-field approximation had to be made. Furthermore, in the same work, due to the appearance of secondary users, the same Base Station that serves the user, may also create first order interference, in order to serve the secondary users simultaneously.
Some of these observation were also identified in [AJ12] , [AJ13] , where the authors use a clustering method based on random centres distributed themselves as a point process and in [PLH16] where the authors provide an approach towards solution by use of graph coloring. 4 positions were assumed known and influenced the cluster choice, since the criterion was the long-term service satisfaction above a predefined threshold.
D. Open Questions for Static Clustering
We identify a set of open problems, that can be summarised in the following questions:
1) How do we define the static clusters given a realisation of a Point Process? In other words, which atom will cooperate with which neighbour to form clusters? What is the grouping law?
2) How large should these clusters be?
3) Once the clusters are defined, how do we seperate and assign the planar areas to each cluster?
After having answered such questions, further performance analysis is possible.
This report is organised as follows:
• In Section II, some existing results from the literature on the problem of matching pairs are presented. These works treat finite sets of atoms and the section includes also an example of how a stable matching (pairing) could actually work. It concludes with a presentation of the problem of matching pairs for a planar Point
Process in II-E. The main question is whether the existing results can be extended to the infinite case. After that, the next relevant question, is whether we can redefine the Voronoi tessellation of the plane taking as centres not anymore the individual atoms but rather the pairs, or the linear segments that connect them.
• Section III considers the important topic of advancing beyond the concept of cooperation in pairs and suggests ways of cooperation in pairs, triplets etc... taking into consideration the concepts already discussed in the previous section.
• Section IV approaches the problem of static clustering specifically for nodes produced by a realisation of a Point Process. The section investigates ways to group nodes only based on proximity. Two methods are presented from the literature, namely the Nearest Neighbour and the Lilypond model. Common properties of the two models are presented and their differences are explained.
• Section V focuses on the Nearest Neighbour graph and provides main results from the literature, on the structure and size of such clusters. A novel theorem is included, specifically, Theorem 3, where bounds for the size of a branch of the cluster from a Nearest Neighbour graph for Poisson Point Processes are derived.
These are based on the so called, generation number, already introduced in the literature.
• Section VI introduces another metric for the size of a cluster, formed by a variation of the nearest neighbour model. The metric is named here the ancestor number. This number does not count only the size of one branch of the cluster, but rather aims at approximating its total size. Based on geometric bounds and for
Poisson Point Processes, the ancestor number is bounded above and below in Theorem 4. The section 6 persons from the reduced preference list can further be removed. The result of the second phase is either a stable matching (pairing) or the conclusion that no such matching exists for the current problem. Note that the negative conclusion can potentially come already after the first phase. It is the case when some person is left without a proposal to consider after termination of the sequence.
The basic difference between this problem and the problem of Stable Marriage is that the former may not always obtain a stable solution.
C. Acyclic Networks 
Specifically, they proved that an acyclic matching preference instance (i.e. list) always has a unique stable configuration. As a consequence any sufficiently long sequence of active initiatives leads to the unique stable
configuration.
An initiative here is a probing between two pairs of some possibly suboptimal configuration, which -when active -results in a blocking pair (i.e. breaking of the two pairs and connection of one element of the one with some other from the second pair, which is mutually preferable).
The above results easily extend to so-called b-matchings, where one person has a quota b (p) ≥ 1 on the number of mates which he can be related with.
The importance of the result lies on the fact that, most preference lists exhibit the acyclic property. Specifically, if we use a mark m (i, j) to denote the preference of i over j, we can identify three preference categories, which are always acyclic:
• Global preferences, where m (i, j) = m (j) and the mark is fixed for each person (e.g. bandwidth, capacity etc) and is neighbor-independent.
• Symmetric preferences, where m (i, j) = m (j, i) and the marks as seen as equal from both sides of the edge of the graph. Such case is found very often in real world network problems, as when the distance, or latency is used as a mark.
• Complementary preferences.
The key property of the acyclic networks is that any non-trivial acyclic preference instance always has at least one loving pair.
A loving pair {p, q} is a pair between persons, such that person p is ranked first by person q and vice versa.
Hence, loving pairs are unbreakable. Finding them, also provides an algorithm of finding the unique stable matching which converges in a finite number of steps.
Specifically, for any acyclic preferences instance, starting from any initial configuration C, there exists a sequence of at most B 2 initiatives leading to the stable solution, where B = p∈P b (p). The algorithm is based simply in probing (making an initiative between) different pairs at a time, to identify blocking pairs, which will be more stable. Once a loving pair is found, it is removed from the list and the process is repeated for the remaining persons.
D. Example of Matching pairs in an Acyclic Network
We consider in this subsection a concrete example of an acyclic network, where we apply the results of [LMV + 06] and the algorithm which converges to a stable matching in pairs. Specifically, we consider an instance of eight atoms located on the two-dimensional plane as shown in Fig. 1 . We can derive from the above figure the preference list of the atoms, based on their distance. Observe that when distance is used as mark, the resulting network is symmetric and consequently acyclic. Each atom ranks the rest seven atoms from 1 to 7, with 1 being its closest neighbor and 7 its farthest.
A first important observation from the preference list is that the pairs {3, 4} and {6, 7} are loving pairs, i.e. they consider each other first closest neighbours
P 1 P 2 P 3 P 4 P 5 P 6 P 7 P 8 P 1 X 4 7 7 7 7 7 7 P 2 2 X 2 5 6 6 6 6 We initialize a constellation C 0 by pairing at random. The initial pairing is shown on Fig. 1 with the black curved lines between atoms. The ellipses surrounding the two pairs highlight the loving pairs in our example.
We can write down the initial constellation C 0
The notation P i n → P j means that the atom P j is ranked n-th by P i . The steps of the algorithm are as follows:
1) The pair {P 3 , P 4 } is a loving pair and hence can be removed from the list.
2) From the two pairs {P 7 , P 8 } and {P 5 , P 6 } a blocking pair can be found {P 6 , P 7 }, which is also a loving pair. Hence the above two pairs break, the loving pair {P 6 , P 7 } is formed and removed from the preference list. Furthermore, the pair {P 5 , P 8 } is formed.
3) The remaining pairs are {P 1 , P 2 } and {P 5 , P 8 }.
4) Observing the list of preferences, we see that no blocking pair can be created from the two, hence the two remaining pairs are stable.
5) The final matching is shown in Fig. 1 with green straight lines.
E. Matchings on infinite sets and Point Processes

1) Infinite Sets and Matching -Basic Questions
The great challenge is to find out whether the results of existence of a stable matching for finite sets can be extended to the infinite case, where the atoms of a Point Process form preference lists -possibly having as criterion the distance of each one with all its neighbours. Important questions to be answered here are the following:
• Does such a stable matching always exist for n → ∞ and for each type of Point Process (Poisson, Mattern, etc.))?
• Is there a unique matching?
• Is there a polynomial-time algorithm which is guaranteed to converge to a possible stable matching? Can we propose a decentralized solution?
In the results of the previous paragraph, we saw that for finite acyclic networks, such as those which use the distance as mark (i.e. relevant to the Point Processes and the problems of interest), there exists a unique stable configuration. Hence, the conjecture that a unique stable matching of pairs for n → ∞ exists, when the criterion is the distance, seems very logical (still needs to be proved). 
2) Further Questions related to Geometry
Relevant further questions -after the above have been answered -are related to the distribution of geometric characteristics of the matchings on the two-dimensional plane.
• What can we say about the distribution of the distance between two matched partners?
• Can we define a new tessellation of the plane -like the 1-Voronoi tessellation -which is related to the line segments of matched pairs?
• How does the distribution of neighbours around an atom affect the results on matching? (mutual neighbour distribution)
3) Voronoi Tessellation of Segments Especially the second question in the previous subsection is of particular interest. After determining the appropriate matchings, we would like to separate the plane into compact and maybe convex subregions, each one of which should be related to exactly one cooperation cluster. An example is shown in Fig. 3 .
By connecting the atoms of each cluster, line segments and polygons are formed, and the question on the appropriate tessellation is now stated more generally.
As shown in [FEC02] , the Voronoi cell definition is not restricted to district points, when referring to sites. So, the concept of the Voronoi cell can be generalized to sets of points like e.g. the matched atom pairs, or the linear intervals. Furthermore, an interesting concept relevant to the Voronoi tessellation for segments, is the so-called medial axis, and the relation between these two notions.
Another relevant publication, which extends (or rather provides an alternative notion to) the Voronoi tessellation, is the work by Hoffman, Holroyd and Peres (2006), which relates planar points to cells of atoms in a more "fair"
way, so that all subregions have equal volume [HHP06] . The volumes are defined by a so-called appetite, modeled by the parameter α ∈ (0, ∞] and the points are assigned to atoms (and relevant Voronoi cells) based on the GaleShapley stable marriage principle. When α → ∞ the tessellation is identical to the Voronoi tessellation of the plane.
III. CLUSTERS BEYOND JUST PAIRS
It is reasonable to continue our research beyond the constraint that only pairs of Base Stations are allowed as clusters and all atoms should belong to exactly one such pair. This is a very restrictive assumption that does not necessarily model the real systems and how cooperative clusters might work within them.
A different approach would be to allow pairs, triplets, quadruplets, etc. of atoms cooperate, while at the same time certain atoms might not cooperate at all. This approach sounds more reasonable, when atoms form cooperative entities with increasing size depending on their distance and only when this is necessary and helpful.
In other words, it might not pay much to form a cooperative pair between two atoms that lie very far away from each other, just for the sake of forming a pair.
A possible way to construct such clusters will be as follows:
1) Start with the realization of a Point Process. The current constellation is the non-cooperative case.
2) Identify pairs of atoms that are mutual first neighbours to one another as in [GACD15] .
These neighbours will form the pair-clusters and the new constellation will be called 2-cooperative case.
Of course all the atoms that do not find a pair with mutual first neighbour will be treated as single atoms, so that pairs and single Base Stations coexist.
3) Among the cooperative pairs, identify triplets of atoms, such that the following chain of preference (related to distance) holds
These obviously constitute the 3-cooperative case. In such scenario single atoms, pairs and triplets coexist.
In the formation of such triplets, possibly a constraint on the distance should be considered, so that cases where a third single atom which is far away is included in the triplet are avoided.
(Notice: Remember that the network is acyclic so we do not consider the third case where P i+1 may have first preference to P i−1 or the other way round. Also, the case of three equidistant atoms is impossible and has zero probability in the Poisson Point Process case.) 4) Among the cooperative triplets identify chains of preference with four atoms, and so on... Other types of cluster formation are also under discussion.
The direct benefit of such an approach is however that the clusters are isolated entities and each one of these has a defined planar area of interest/association. There is no overlap either of planar Voronoi cells or of atoms that might belong to the same cluster. This helps a lot in the analysis and models a way of function that has been suggested as appropriate for cooperative communications systems.
IV. CLUSTERS FOR POINT PROCESSES
Let us consider a homogeneous point process (p.p) Φ in R 2 with non-negative density λ > 0. When referring to a Poisson Point Process we will use the abbreviation p.p.p. One realization of the process is φ and can be described by the infinite set of atoms {z i }, where z i = (x i , y i ). Each realization shows a possible deployment of single antenna Base Stations (BSs) on the plane. We wish to group these BSs (or atoms) into disjoint cooperative clusters, with possibly different sizes, where size here means the cardinality of atoms included in each cluster.
To be more formal, a cluster is defined to be a finite subset C (φ) of the realization φ (we omit φ from now on unless we refer to different realizations of the p.p.), with cardinality card (C). Exactly as the atoms of φ are somehow enumerated and indexed by i, we enumerate and index the clusters using the index m. We consider clusters of atoms with the following two properties: (a) the set of all clusters constitutes a partition of φ, hence their union exhausts the infinite set of atoms and (b) they are disjoint subsets of φ, meaning that the intersection between any pair of distinct clusters is empty
For the partition of φ into clusters, we intend to use rules that depend only on the geometry. In other words,
given a realization of the p.p., an atom z i will take part in a cluster, based only on its relative distance to the rest of the atoms φ \ {z i } as well as their own relative position.
We consider in this report different ways to connect the atoms of a p.p. and define the cooperative clusters, based solely on φ. A connection between two atoms means that these cooperate and belong to the same cluster.
These two models have been presented and studied partly in the work of Häggström and Meester [HM96] .
Specifically we will use: 1) the nearest neighbour (NN) model. Given the realization φ we connect each z i to its nearest neighbour by an undirected edge. This results in a graph G N N , which is well defined at least for a p.p.p. where no two inter-atom distances are the same a.s. and hence each atom has a unique first neighbour. However, an atom can be a nearest neighbour for a set of atoms (possibly empty).
2) the lilypond (LL) model. We construct the graph G LL dynamically as follows. Starting by the realization φ, we assume at time t = 0 that there is a ball of radius t (hence 0) centered on each atom z i . Then we let time t ↑ evolve and the radii of these balls grow (linearly in t and all with the same speed). As soon as a ball hits another ball, it stops growing forever. Notice that the other ball could be itself in a phase of growth (or not). The time instant that the hitting takes place, say t n = t, is saved and gives the ball's radius r i := t n . In this way, a sequence of ball-touching times (equivalently of radii) is formed t 1 , t 2 , . . . , t n , . . . In general the two models result in different partitions of φ and different sets of clusters. There are however certain interesting properties (P.x) shared by both models:
I) The cluster formation is independent of the density λ of the p.p.p..
II) The graph G (either G N N or G LL ) is disconnected, i.e. there exist two atoms that are not connected by any path.
III) Each resulting cluster C does not contain cycles, it is a tree and hence the graph G is a forest.
IV) The graph G contains a. Consequently, the cardinality of each cluster card (C) is a.s. finite.
V) There exists no isolated node in the graph G, i.e. there exists no cluster of card (C) = 1. For the case G N N this is because all atoms have a nearest neighbour. For the case G LL because each ball will eventually touch another one as t → ∞ (the probability of an empty ball for p.p.p. is e −λπt 2 t↑ → 0).
We first show in Fig.5(a)-( Although the two graphs share many common properties as presented above, it is obvious from the subfigures edge of the graph may connect atoms that are not necessarily nearest neighbours. This is illustrated for clarity in Fig.7 . For the atom (2, 0) its nearest neighbour is actually (2, 1.5) (inside the dashed circles). However, the latter is linked with its own nearest neighbour (2.6, 1.5), while due to the growth process of the LL model, the balls centered at (2, 0) and (2, 1.5) do not touch each other, due to the presence of the atom at the origin (0, 0).
In the paragraphs below, we will analyze the two models separately. Furthermore, we will provide results related to their size and probability, together with a comparison between them.
V. CLUSTERS IN THE NEAREST-NEIGHBOUR (NN) GRAPH
A. Properties and Results
As discussed previously, all clusters C m in the NN model are a.s. finite. This was presented in property P.IV and holds due to the fact that there exists no infinite component. We randomly choose an atom and set its position The introduced sequence of atoms makes more sense in the directed graph. In the NN model, a very important subset of atoms of φ are the mutually-nearest-neighbours, which are pairs of atoms with the property that the one is the nearest neighbour of the other and vice-versa. Their importance is better understood by the following two Lemmas.
Lemma 1. All clusters of the NN model contain exactly one pair of mutually-nearest-neighbours.
Proof. Suppose there is no pair of mutually-nearest-neighbours in a cluster, say the typical one C o . Then, the sequence of atoms {z o , z 1 , . . .} described above will either be infinite (impossible by property P.IV) or will be finite with N < ∞. In the second case, the nearest neighbour of z N is some atom previously encountered in the sequence with index n ≤ N − 2 and a cycle will appear in the cluster C o of the graph G N N (and G N N ), with size greater or equal to 3. This is impossible (see also P.III). such pairs can only be nearest neighbours for some other atom.
As a conclusion of the above Lemma, starting from a typical point and moving through the directed path of the graph G N N , we get a sequence of N + 1 points {z o , z 1 , . . . , z N }, with N ≥ 2, from which the two last ones (0, ∞) such that
Note that the elements of such path through z o are a subset of C o . Their cardinality can be understood as the depth of the tree C o , since (as mentioned in P.III) G N N is a forest. Based on the above theorem, the probability that the length of such path inside the typical cluster C o of G N N exceeds N , decays superexponentially with the number of atoms N in the path. Taking also into account the fact that the number of atoms with the same nearest neighbour is small, we conclude that the probability of very large clusters is trivial.
B. The generation number
Another argument [KMN06] in favor of the small size of clusters in the NN model, comes from the use of the so called generation number. As already mentioned, any cluster of G N N contains exactly one pair of mutually-nearest-neighbours. These atoms are given generation number 1. A Poisson atom z n receives generation number k ≥ 2, if the graph distance (number of hops) to the unique pair in its cluster is equal to k − 1. The generation number is connected to the length N of the chain of atoms {z o , z 1 , . . . , z N } with the relation k = N .
To see this, if z N −1 , z N are mutually-nearest-neighbours and take the generation number 1, then z N −2 will take generation number 2, so that z N −k will take generation number k. Obviously for
Let us denote by g (k) the probability that the typical atom has generation number k. We can calculate exactly the probability of generation number 1, which corresponds to the probability that a random atom of the p.p.p.
belongs to a mutually-nearest-neighbour pair.
Theorem 2. The exact probability that the typical atom of a p.p.p. Φ with density λ > 0 has a mutually-nearest neighbour (or that the typical atom has generation number 1) is equal to
Proof. The result has been first encountered in [DSS99] and we add its proof here for completeness. Given that the volume of the ball B (z o , r) is V o (= λπr 2 ), we can write the exact above probability as follows
where Theorem 3. Given a planar p.p.p. Φ, the probability that the generation number, i.e. the distance of the typical atom from the mutually-nearest-neighbours, is k ∈ {1, 2, 3, . . .} can be bounded as follows
The correction term Q (k) :
, where α is defined as previously. The lower bound expression is equal to zero for k ≥ 3.
Proof. Consider a typical point z o und suppose its generation number is k. Then we have a sequence {z o , z 1 , . . . , z N } of N + 1 atoms, among which the last two constitute mutually-nearest-neighbours. From Lemma 2 there is a sequence of balls (disks in 2D) with centers the above atoms and decreasing radii, as shown in Fig.8 for six atoms. Suppose that the decreasing sequence of their volumes is V o ≥ . . . ≥ V N −1 = V N ≥ 0. The probability of such an event is:
• lower-bounded by the probability that the area A L , equal to the sum of all N+1 disks without overlapping, is empty of any other atoms, reduced by a correction term Q (N ), which is increasing over N . We calculate this by
• upper-bounded by the probability that the area A U , equal to the sum of the first disk V o and all the rest N semidisks without overlapping, is empty of any other atoms and we calculate this by
The lower bound is obvious, since the area of all disks without overlapping is larger that the actual area A ⊂ A L .
To understand the term Q (N ) we first provide the intuition for the case N = 2. Given the typical atom z o , the atom z 1 may lie anywhere on its boundary and is the center of a ball B (z 1 , r 1 ), with r 1 ≤ r 0 . Furthermore, the atom z 2 , which is the second part of the mutually-nearest-neighbours pair, will lie on the boundary of B (z 1 , r 1 ).
However the first integral in (7) does not take into account the fact that, the atom z 2 should not lie inside the first ball B (z o , r o ). This probability should be subtracted from the integral and is shown as Q (2). Obviously Q (1) = 0, because such an event can not be encountered with less than three atoms. To calculate the term for N = 2, we use the bound in [KMN06, pp.10-11]
For higher number of N , given that the previous atoms are not contained in the union of balls up to N − 1, we calculate the correction term q (N ) for the atom with index N . However, notice that the integral in (7) is equal to N (N +1)! < α/2 for N ≥ 3, so that no more terms should be calculated for the lower bound, because the expression in (7) is zero for N ≥ 3.
To understand the upper bound, consider first the set of N + 1 overlapping balls with centers the points of the sequence {z o , z 1 , . . . , z N } and radii {r o , r 1 , . . . , r N }. The total area A depends on the relative positions of the atoms. It is minimum, when the positions are such that the area of overlapping is maximum. This happens when no three or more balls overlap. If -say -three balls overlap, we can always move the center of the third ball but keeping the radius fixed, so that the area of overlap between the third and the second (or the first) increases.
Hence, the minimum area A results when all atoms fall on a line and have distance r n , n = 0, . . . , N between them. In such a linear constellation, consider the ball B o := B (z o , r o ). This ball overlaps with B 1 and touches z 1 on its boundary. Obviously, the area of overlap cannot be more that V 1 /2, leaving exactly the same area V 1 /2 untouched. Iterating the process, we get A U = V o + V 1 /2 + . . . + V N −1 /2 + V N /2 ⊂ A, but considering that V N −1 = V N we reach the presented bound. The integrals can be easily solved by hand and derive the presented results.
We could simply calculate these nested integrals and be through. However, there is an easier way to find their closed form solution with the following probabilistic interpretation, inspired by [KMN06, p.10] . For the lower bound, the integral (7) is equal to 1/2 times (V N −1 = V N ) the probability that V o ≥ . . . ≥ V N −1 ≥ 0, where the V i 's are independent, V o , . . . , V N −2 are exponentially distributed and V N −1 is also exponentially distributed with parameter 2. The probability that V o , . . . , V N −2 are ordered in this way is 1/(N − 1)!. Since V N −1 has the same distribution as the minimum of two independent exponentially distributed random variables, the probability that one of these two will be the smallest among the N + 1 (previous N − 1 plus these 2) is 2/(N + 1). It follows that the first integral is equal to For the case N = 2, V o and V 1 are both independent exponentially distributed with parameter 1. The probability
Observe that the integrals in (7) and (8) consider as variables the volumes V i , with unit density, hence V i = πr 2 i . In the case of λ = 1, V i = λπr 2 i and the results will be exactly the same, hence the bounds are density-invariant, exactly as stated for the model NN in P.I. We next present a numerical evaluation of the bounds in Table III and plot the results for comparison in Fig. 9 Finally, the values of the generation number probability result after 5000 iterations.
The procedure creates a 2 × N t table per iteration (N t atoms). The atoms are enumerated in the first row and the first neighbour of each is given in the second. Starting from the first column, the table is searched until the root of the first cluster is found. Once this is done the generation number is equal to the number of hops until the root. The procedure continues to the search starting from the second entry and so on.
We can also check that the bounds derived in Theorem 3 are consistent with the result of Theorem 2, since 2/3 ≥ 0.6215 ≥ 1/2. Also check how the Monte Carlo value 0.6207 ≈ 0.6215.
An alternative way to interpret the generation number probability g(k) is the following. g (1) g (2) g (3) g (4) g (5) g (6) Upper Bound Lower Bound Upper Bound Monte Carlo Fig. 9 . Evaluation of the upper and lower bounds of the generation number probability g(k), for k ≥ 1.
Corollary 1. The event that z o has generation number k implies that z o belongs to a cluster (typical cluster C o ) of cardinality at least k + 1, but not the other way round. Consequently, the following relation holds
VI. THE ANCESTOR NUMBER
The generation number refers to exactly this branch of the cluster (tree), where the typical point is included. On each atom of the sequence {z o , z 1 , . . . , z N }, other branches could be attached, whose number is limited by the maximum number of atoms having the same atom as nearest neighbour (often called kissing number [KMN06] , [Zon98] ). In this sense, the generation number is appropriate for describing the directed graph G N N , but is not necessarily a good indicator of the size of the typical cluster of G N N , so other measures may be more appropriate.
A. Definition and Bounds
Definition 1. Consider an atom of the p.p.p. z n and suppose it belongs to cluster C o . Then, the ancestor number k a is defined iteratively:
1) The two atoms of the mutually-nearest-neighbour pair of C o (see Lemma 1) are given k a = 1 and form the set S 1 . By convention S o contains just one of the two atoms of the pair, and initiates the process.
2) The atom z j ∈ C o which is closest to the set S 1 , is given k a = 2. Include the new atom in S 2 = S 1 ∪ {z j }.
3) Find the closest atom in C o to S 2 , which is given ancestor number k a = 3. Include it in the set S 3 . 4) ...
In this way all z n ∈ C o receive an ancestor number.
Obviously, the ancestor number is increasing with the distance of the atom from the origin pair. By definition, an atom of the p.p.p. receives ancestor number k a = K, if and only if it is the closest neighbour of a set S K ,
and it itself has one of the members of S K as nearest neighbour. When the latter is not true, the atom is not included in the cluster and card (C o ) = K. In this sense, the ancestor number best describes the cluster size, in terms of the count of its members. The furthest atom of a cluster to the origin pair, takes ancestor number equal to the cluster size.
Let us now relate the ancestor number to the generation number by means of an example. Assume that the cluster C o , has n branches stemming from the pair and hence, n atoms with generation number 2. Among these n, the atom with the shortest distance from (one of the two atoms of) the pair receives k a = 2. The ancestor number k a = 3 is given to the atom with minimum distance from the new set S 2 , which includes the two atoms with k a = 1 and the one with k a = 2. Observe that, this may be either one of the n − 1 remaining atoms with generation number 2, or the atom with generation number 3, following the atom with k a = 2 on its branch. This explanation emphasizes the differences between the two numbers (generation and ancestor).
Based on the ancestor number, given a realization φ of a p.p.p. we can provide an algorithm to form NN clusters of increasing size:
1) Identify the mutually-nearest-neighbour pairs of the realization. These constitute the "roots" of all clusters C m in the network and have k a = 1. This is done by finding the pairs of atoms z i , z j with the property that the ball B (z i , R 1 ), with R 1 = d ij := |z i − z j | is empty and has atom j on its boundary and the other way round.
2) Let the balls B i and B j grow further, with common radius, until their union meets an atom on its boundary, say z k . The radius is now R 2 = min {d ik , d jk }. This candidate to be included in the cluster with k a = 2,
should also have one of the two atoms in S 1 as its nearest neighbour and for this, the ball B (z k , R 2 ) should be empty. If true we continue, else we stop and card (C o ) = 2.
3) Let the balls B i , B j , B k grow further, until their union meets an atom on its boundary, say z l . The radius is
This atom takes the ancestor number k a = 3, if one of the three atoms in S 2 are its nearest neighbour, in other words, the ball B (z l , R 3 ) is empty. etc. 4) ...
How the algorithm gradually finds the elements of a cluster until ancestor number k a = 3, are illustrated in Fig.10(a)-10(d) . By letting the radius R of the balls grow large enough, the algorithm will eventually converge to the G N N graph. For a cluster with card (C o ) = K + 1, an empty ball of the same radius R K is centered on each of its atoms. Hence the probability of such cluster to appear, is equal to the probability that this union of K + 1 balls is empty
Finally we note here, that the way the ancestor number is defined, gives rise to a sequence of ancestor radii {R 1 , . . . , R K } for a cluster of size K + 1. Each distance R n is the minimum distance of the atom with ancestor number k a = n, to the set of its n ancestors S n−1 .
The probability that a typical point z o has ancestor number k a is denoted by g a (k a ). In order to derive certain bounds, we need the following lemmas. Let us denote by root, one of the two atoms of the mutually-nearestneighbour pair. We will make use of the nearest-neighbour-to-root radii {r 1 , . . . ,r K } which is the sequence of distances of the n-th nearest neighbour to the root with 1 ≤ n ≤ K, the sequence of ancestor radii {R 1 , . . . , R K } defined above, and the sequence of auxiliary radii {R´1, . . . , R´K} to be defined in Lemma 4. We remind the reader here, that a r.v. Y stochastically dominates X, and we write
Lemma 3. The vector of K nearest-neighbour-to-root radii {r 1 , . . . ,r K } stochastically dominates the vector of
The joint probability distribution (p.d.f.) of the distances of K nearest neighbours to the root, given thatṼ k =
Proof. The domination result, can be derived, by first exploring the case k a = 2 and applying similar arguments to higher ancestor numbers. Suppose the mutually-nearest-neighbour pair consists of atoms z i , z j . Obviously R 1 =r 1 . From the second step of the algorithm, the two balls around these atoms should expand their volume with common radius, until they touch z k , which is the candidate for k a = 2. This will occur at a distance R 2 ≤r 2 , because z k , might be the second neighbour of z j instead of the root atom z i . In this sense, the probability that z k By further enlarging the area of (d) the candidate for ka = 4 would be met, but it is in nearest neighbour relation with a different atom than those of the cluster (the one exactly at its left). This is why the algorithm stops at ka = 3 and the cluster has cardinality 4.
is met at R 2 =r 2 = t, when R 1 =r 1 = s can be calculated for both cases to be e −V (Bi(t)∪Bj(t))+V (Bi(s)∪Bj(s)) < e −V (Bi(t))+V (Bj(s)) and as a resultr 2 stochastically dominates R 2 .
To further derive the p.d.f. for each n, we should first calculate the conditional probability thatṼ K ≤ t, given thatṼ K−1 = s, with t ≥ s. In the p.p.p. case, this is equal to
Obviously by unconditioning iteratively fromṼ K−1 toṼ 1 and using (14) with appropriate replacement of the index, we reach the result. The case for K = 2 has already been shown and used in [BG13] and [GB13] .
Lemma 4. The vector of K ancestor radii R = (R 1 , . . . , R K ) stochastically dominates the auxiliary K-length vector R´= (R´1, . . . , R´K) in the sense that,
The vector of auxiliary random variables (r.v.'s) R´has joint p.d.f. (with V´k = λπR´2 k )
Proof. The auxiliary vector R´is defined iteratively as follows. Let the first element R´1 be the distance between the two atoms z i (root), z j of the pair, exactly as the ancestor distance, and R´1 := R 1 . For analytical purposes also R´0 := 0. Ancestor distance R 2 is explained in
Step 2 of the previous algorithm to be the closest distance of an atom z k to one of the two atoms z i , z j . To find this geometrically, the balls B i , B j should grow with common radius until they meet z k on their common boundary. Thus, z k is the candidate for the ancestor number k a = 2.
The probability that R 2 > t, given that R 1 = s is equal to e −V (Bi(t)∪Bj(t))+V (Bi(s)∪Bj(s)) for the p.p.p. case.
Let the auxiliary random variable R´2 be the common radius of the balls B´i, B´j when one of them meets z k´o n its boundary, but in this case the one ball is "far away" from the other, hence there is no overlap. Obviously, this probability e −V (B´i(t))−V (B´j(t))+V (B´i(s))+V (B´j(s)) < e −V (Bi(t)∪Bj(t))+V (Bi(s)∪Bj(s)) when R 2 = R´2 = t and R 1 = R´1 = s, hence R´2 is stochastically dominated by R 2 . Repeating this argument stepwise for 3, . . . , K, we reach the domination result in (15).
We enumerate the atoms by their ancestor number, giving to the root the number 0. Let V´n ,K , n = 0, . . . , K −1 be the volume of the ball centered at z n , when the atom with ancestor number K is touched by one of the K balls (ancestors with balls B 0 , . . . , B K−1 ). To find the joint p.d.f. of R´we first need to write the conditional probability
To better clarify the formula, we give here two examples. 
and further applying Bayes' rule with the product
Theorem 4. Given a planar p.p.p. Φ the probability g a (k a ) that the typical atom z o has ancestor number k a can be bounded as follows
The correction termQ (k a ) :
The lower bound expression is equal to zero for k a ≥ 3.
Proof. For the lower bound we first choose some radius R ka = t. Then the volume of the area A LB (t)
because the distances between atoms of the cluster are at most t. We further make use of Lemma 3 which states that R ka strk a . As a result the area A LB with radiusr ka is stochastically larger than the same area with radius R ka . The bound is further calculated using the p.d.f. in (13)
In the above,Q (k a ) is a correction term, which is non-decreasing in k a . To understand this, consider the case k a = 2 in Fig. 10(c) . Suppose that the atom with k a = 2 is the typical atom z 2 := z o , with distance R 2 from its first neighbour (z 1 ) with k a = 1 (the closest of the two roots). The ball B (z o , R 2 ) is empty and the atom z 1 lies on its boundary. However this is in mutually-nearest-neighbour relation with z 0 , which lies on a distance R 1 at the boundary of the ball B (z 1 , R 1 ). It should necessarily lie outside the ball B (z o , R 2 ), so the integral on the left-hand side of (20) should not consider such points for z 0 . Having said this, the correction term can be calculated using the inequality
From the above, the correction term for k a = 2 is
The correction for k a = 3 will use this term and add the extraq (3), which comes for the case that the point z 0 falls in the union of balls B (z 3 , R 3 ) ∪ B (z 2 , R 2 ), given that z 1 , does not fall in the ball B (z 3 , R 3 ) (=q(2)).
This means that the correction termQ (k a ) ≥Q (2), for k a ≥ 2. As a result the lower bound is 0 for k a ≥ 3.
For the upper bound we again choose some radius R ka = t. Then the volume of the area A U B (t)
because the area at the left-hand side is exactly the area B ka−1 (t) \ B ka (t) (equal to the symmetric B ka (t) \ B ka−1 (t)) and does not contain any part of the rest k a − 1 planar subsets B n (t) \ B n−1 (t). Including part of these further tightens the bound. Observe that all the balls have the same radius t and distances between them equal to R n ≤ t, 1 ≤ n ≤ k a . Obviously, when the ancestor number is k a , then t = R ka . The area of B n (t) \ B n−1 (t)
can be given as a result of the area of overlap of two circles with the same radius t = R ka and distance between centers R n . The area in question is equal to [Wei] B n (R ka ) \ B n−1 (R ka ) = πR
Observe that for R n = R ka , the expression above reduces to πR ka (1 − α). We use the first order Maclaurin series approximation of the arccos function to bound the area, which gives arccos (x) ≤ π 2 − x. As a result, the total area
The equality (a) comes by change of variables and the inequality (b) results from the fact that V ka ≥ V n . After bounding the area, we use Lemma 4 which states that, R´k a st R ka . As a result, the area A U B2 with radius R´k a is stochastically smaller than the same area with radius R ka . The upper bound is further calculated using
As in the case of the generation number, the bounds for the ancestor number probability are density-invariant as well (see P.I). We next give a numerical evaluation of the bounds in Table II 
B. Interpretation of the ancestor number: Cluster size distribution
The ancestor number is, as explained at the beginning of the previous paragraph, a more precise number to describe the cluster size, compared to the generation number. A first important observation is that the set of events E ka = {the typical atom has ancestor number k a } exhausts the event space and hence,
To get a better understanding of the ancestor number, consider a finite set of atoms, with size N . The number of atoms will tend to infinity N → ∞ as we approach the actual realization of the p.p.p. Φ. Let the algorithm described in the previous paragraph evolve stepwise, and first find all atoms with ancestor number 1 (in step 1).
These are N 1 out of the total N atoms and constitute the "roots" of all clusters with higher size. In other words, the total number of existing clusters in the finite setting is N 1 /2 (because both mutually-nearest-neighbours take ancestor number 1). A subset of these will add (in Step 2) another atom with ancestor number 2. The number of clusters with cardinality at least 3 will be N 2 ≤ N 1 /2. The process will continue in the next steps of the algorithm, resulting in the inequalities
Dividing the above expression by N and letting N → ∞ we have proven that:
Lemma 5. The probability that the ancestor number of the typical atom is k a , is ordered as follows
This Lemma further tightens the upper bound of the ancestor number probability, as shown in Fig.12 .
Using the above line of thought, the probability that the cardinality of the typical cluster is larger or equal to k a + 1 is exactly defined by the probability of the ancestor number k a .
Theorem 5. The probability that the typical atom belongs to a cluster of size k a + 1, is fully defined by the probability of the typical atom having ancestor number k a , i.e.
P [z o ∈ C o , card (C o ) = k a + 1] = (k a + 1) (g a (k a ) − g a (k a + 1)) , k a ≥ 2 P [z o ∈ C o , card (C o ) = 2] = 2 (g a (1)/2 − g a (2)) , k a = 1.
The tail probability of the above event is equal to
From (27) Proof. To prove this, we use the finite model above with N total atoms and N ka atoms with ancestor number k a (see also (26)). Suppose the maximum cluster size is K > 2. Then there are N K−1 atoms with ancestor number k a = K − 1. Similarly, there are N K−2 , . . . , N 1 atoms with ancestor number k a = K − 2, . . . , 1. Since, the size of the maximum cluster is K, the total atoms which belong to these clusters is KN K . Then,
For the case k a = 1, we have a small difference, because both atoms of the root take ancestor number equal to 
The tail distribution of the cluster size, is bounded using the bounds of the ancestor number in Theorem 4 and Lemma 5. It is plotted in Fig.13 . Furthermore, using the known bounds for the ancestor number (upper bound
for the positive term of the difference and lower bound −g a ≤ −g LB a for the negative term, we can find a loose upper bound for the exact cluster size. The most important result from the plots is to illustrate how the probability of a higher cluster size (Fig.14) diminishes as k a +1 increases. Observe that the loose upper bound is already 10% for cluster size 11, implying that cluster sizes of average or large size are highly improbable. This is better supported by the tail probability upper bound, which is also around 10% for cluster size 11. 
